Prubéh funkce

Robert Marik
27. Cervna 2006

[ <] @©Robert Mafik, 2006 E&



BE OB B

(©Robert Mafik, 2006



e Omezeni na defini¢ni obor vyplyva ze jmenovatele zlomku.

e Vyraz x*> + 1 nesmi byt nulovy.

7

e To je vSak zajisténo pro vSechna redlnd Cisla.
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D(f) = R; licha;

o Citatel, x, je licha funkce, jmenovatel, (1 + x2), je funkce suda.

e Jako celek je tedy zlomek licha funkce.
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Urcime prisecik s osou x a znaménko funkce na jednotlivych intervalech. ]
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X s
D(f) = ; lichs;

y=0=

X
14 x2

Urcime prisecik s osou x a znaménko funkce na jednotlivych intervalech. ]
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X s
D(f) = ; lichs;

X
=0= ——-=0
y 14 x2

Zlomek je roven nule pravé tehdy, kdyz Citatel je nulovy. ]
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X L
0

X
14 x2

Zakreslime prisecik x = 0 na osu x. Funkce nema zadny bod nespojitosti. ]
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4 )
e Jmenovatel (1 + x%) je stéle kladny.

~ . 7 . 7 7 . s X
o (Citatel zZlomku ma proto stejné znaménko jako cely zlomek T2
5

e Funkce je kladng, je-li x kladné a naopak.
- v

(©Robert Mafik, 2006 E§




X s
D(f) = ; lichs;

X
J 14+ x2 X
— | +
0
lim ——
x—}imoo 14+x2
Ur¢ime limity v nekonecénu. ]
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=0 ——=0=x=0
J 14+ x2
— I _+_
0
X 1
lim —— = lim -
x—=oo 14x2 x—00 X
4 )
e Vime, Ze o vysledku rozhoduji jenom vedouci ¢leny v Citateli a ve
jmenovateli.
e Zelenou cast Ize vynechat.
Zodh X
o Zbytek zkratime: — = —.
X X
- 4
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X —_
D(f) = ; lichs;

X
y 14+ x2 X
_ | +
0
. X . 1 1
lim —— = lim - = —
x—too 14x2  xotoo X 00
Dosadime. ]
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x—=o0 14X Xx—=00 X +00

1 1
e Obé hodnoty — i —— jsou nulové.
x x

e Funkce ma vodorovnou asymptotu y = 0 pro x jdouci k +o0.
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__X — R licha: +
D(f) = R lichs; ;

;1427 — x(0+2)
B (14 x2)?

e Vypocteme derivaci.

e Derivujeme podil podle vzorce pro derivaci podilu.

(©Robert Mafik, 2006 E§



- _X — R licha: +
D(f) = R lichs; ;

o (1 +x3) — x(0+ 2x)

J = (T+x2)2
1+ x> — 2x?
T+ x2)2

Upravime.

|

B OB B
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- _X — R licha: +
D(f) = R lichs; ;

;L 1(1 4+ x%) — x(0 + 2x)
J = (T+x2)2
14 x% — 2x?
N ET
1—x?

(1+x2)?2

Upravime. ]
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- _X — R licha: +
D(f) = R lichs; ;

, 1 —x2 ]
YT A
y'=0
Hledédme Fegeni rovnice y' = 0. |
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- _X — R licha: +
D(f) = R lichs; ;

T2

T

[ Dosadime za derivaci.

J

<]
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- _X — R licha: +
D(f) = R lichs; ;

g 1—x? ]
RNt
y'=0
1— x? _
(1+x2)2
1—x*=0
Zlomek je nulovy, ma-li nulovy citatel. ]
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, 1—x? ]
y :m,
y =0
1—x? _
(1+ x2)2
1—x*=0
x> =1

Vyjadfime x°.
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g 1—x?
RNt
y =0
1—x? _
(1+ x2)2
1—x*=0
x> =1
x1 =1
X2=—1

v v v

Vypocitame x. Dostavame dvé reseni.

]
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__X — R licha: +
D(f) = R lichs; ;

, 1T—x

y:m§ x12 = =1

e Nakreslime osu x a stacionarni body.

e Nejsou zadné body nespojitosti.

(©Robert Mafik, 2006 E§



__X — R licha: +
D(f) = R lichs; ;

g = x? ] _ 4
y - (1 +X2)2 1 X1,2 - =
\ | |
—1 1
Testujeme x = —2. Dostavame
1—4
y(-2) =

kladna hodnota
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__X — R licha: +
D(f) = R lichs; ;

BT A

Testujeme x = 0.
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g = x? _ 4
y (1 +X2)2 1 X1,2 — —
D A .
1 1
Funkce ma lokalni minimum v bodé x = —1. Funkéni hodnota je
—1 1
YN =5 T 2
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Testujeme x = 2. Plati

1—4

= Kadna hodnota ~

y'(2)
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o =t x12 = %1
y_(1+X2)2v 12 — %=
N mn o MA N
1 1
Funkce ma lokalni maximum v bodé x = 1. Funkcni hodnota je )
1

y(1) = —y(~1) = 3.

kde jsme vyuzili toho, ze funkce je licha a hodnota y(—1) jiz byla
vypocitana.

.
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- _X — R licha: +
D(f) = R lichs; ;

y:m§ x12 = =1

7 1—x2 1\
A N

Vypocteme druhou derivaci. ]
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__X — R licha: +
D(f) = R lichs; ;

g 1—x? ]
YT A

" 1—x2 1\’

. ((1 +x2)2)
=21+ 2P (1 — x2)2(1 + x3)(0 + 2¥)
N (14 x2)4

x12 = =£1

e Derivuje podil podle vzorce pro derivaci podilu.

e Jmenovatel derivujeme jako slozenou funkci. Tim se nezbavime moz-
nosti vytknout v Citateli a zkratit zlomek.
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- _X — R licha: +
D(f) = R lichs; ;

2
, 1T—x

Y= TR

o 1—x2 \’
T ( ( +x2)2)
“2x(1 4 X22—(1 — x2)2(1 + x2)(0 + 2x)
(1+ x2)*
21+ ) + (1 =232
B (1+x2)*

x12 = =£1

Vytkneme ]
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__X — R licha: +
D(f) = R lichs; ;

2
, 1T—x

RSN

o 1—x2 1\
A N

—2x(1 4+ x2)2—(1 — x2)2(1 + x2)(0 + 2x)

x12 = =£1

(1+ x2)*
—2x(1 4+ X[ 14+ x> + (1 —x%)2]
- (1+x2)
—2x[3 — x?]
T
Zelené casti se zkrati. Zjednodusime vyraz v hranaté zavorce. ]
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__X — R licha: +
D(f) = R lichs; ;

2
, 1T—x

SRGETSEE

x12 = =£1

7 1—x2 1\
A N

—2x(1 4+ x2)2—(1 — x2)2(1 + x2)(0 + 2x)

(1+x?)*
—2x(1+ X[ 14+ x> + (1 —x%)2]
(1+x2)*
=23 —x
(14+x%)3
x(x? —3)
(1+x2)3
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- _X — R licha: +
D(f) = R lichs; ;

g = x? e = 41
y - (1 +X2)2 1 12 — %=
" X(X2 —3) X(X2 —3)

A+x2p  “0+xp

Vytegime y” = 0. |
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__X — R licha: +
D(f) = R lichs; ;

g = x? s = 41
y - (1 +X2)2 1 1,2 — —-
" X(X2_3) X(X2_3) 2
=2———s = 2-——==0 = —-3)=0
STy (T+x2)3 XXt =3)
Zlomek je nulovy, je-li nulovy jeho Citatel. ]
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o =t x12 = %1
y = (1 +X2)2 ’ 12 — %=
" X(X2_3) X(X2_3) 2
= 2 = —3)=0
(1 +x2) (1 +x2)3 = =3
X3=0,X4=\/§,X5=— 3

N N . ] . N | R
Jsou dv& monosti: bud x = 0, nebo x> — 3 = 0. Druh4 z mo¥nosti vede na
rovnici

X =

3
V3.

H+

X =
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o =t x12 = %1
y_(1+X2)2v 12 — %=

" X(X2_3) X(X2_3) 2

= 2 = = —3)=0
(T+x2) (1423 X =3)
X3=0,X4=\/§,X5=— 3
—V3 0 V3
Vyznac¢ime body na osu x. Nejsou zde zadné body nespojitosti. ]
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1—x2 q MA
y/: X22 , X1,2:i1 \‘rrlun/l I X\‘
1+ AP
” X(X2_3) X(X2_3) 2
= 2 = —-3)=0
ENE L = -3
X3=0,X4=\/§,X5=— 3
m | | |
—V3 0 V3
Testujeme x = —2.
—2(4—3
g//(_z) _ 2 ( )

"~ “kladn3 hodnota
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__X — R licha: +
i =R tiehs; ——

1—x? in S MA
’ X1 = +1 \‘mlln/l I X\,

y= 22
(T+x?) 1 1
” ( ) X(XZ - 3) 2
=2 ——= 22— = = —3)=0
1+ 1+ =
X3=0, X4—\/—, X5=—\/§
m | U | |
—V3 0 V3

Testujeme x = —1. Funkce je v tomto bodé€ konvexni, protoze je zde

lokalni minimum.
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= 1—x . xp = 1 he nllin/lMlAX\
T+ IR
2 2
- T1(X+ ;2)33) 2)((1()(+ ;2)33) =0 > Ar—3=0
X3=0,X4=\/§,X5=— 3
N i1|1_ U I I
_\3 0 V3

V bodé x = —V/3 je inflexe. Funkéni hodnota je

y(—v3) = % ~ —0.43.
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y' = (11 ;szz)z P xg = ~ E“/ M?X\
2 2
e e
x3 =0, X4=\/§, X5 =—V3
N in U | N |
3 0 V3

Testujeme x = 1. Funkce je v tomto bodé konkavni, protoze je zde lokalni
maximum.
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y = (11 ;szz)z Py == ~ E“/ M1,AX\
2 2
D A
x3 =0, X4=\/§, X5 =—V3
N in U , N , U
3 0 Ne

Testujeme x = 2. Dostdvame

2(4—3)

” _
Y (2) = 2 e Wadndho
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=g e S
2 2
- T1(X+;2)33) 2)((1()(Jr;2)33) =0 > Ar—3=0
x3 =0, X4=\/§, X5 =—V3
N in U , N in U
3 0 V3

Inflexe v bod& x = V/3. Funkéni hodnota je

y(vV3) = % ~ 0.43.
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- “\«min /'M?X\ Nin U  Niny
0 —1 1 -3 0 V3
f(0)=0 _ ] f(=V3) ~ +0.433
f(z00) = 0 FE) =5
VypiSeme si nejdllezitéjsi vysledky. ]
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- \mlin/'M‘lAX\ Nin U  Niny
0 —1 1 -3 0 V3
f0)=0 _ ] f(+V3) =~ £0.433
f(2o0) = 0 f(i1)_i§
Yy
-3
1 V3 X
Zakreslime souradny systém. ]

B (©Robert Mafik, 2006 E§



— + \mlin/'M‘lAX\ N in. U N in. U

0 —1 V3 0 3

f(£V3) ~ £0.433

RV T

V bodé x = 0 je prisecik s osou x. Funkéni hodnoty se v tomto bodé méni
z kladnych na zaporné.
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— + \mlin/'M‘lAX\ N in. U N in. U

0 —1 V3 0 3

f(+V/3) ~ £0.433

RV T

Zachytime informaci o vodorovné tecné v +o00. Davame si pozor na
znaménko funkce, musime graf spravné nakreslit nad nebo pod asymptotu.
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- * \mlin/‘MéX\ Nin U  Nin U
0 -1 1 -3 0 3
f(0)=0 ] f(=V3) ~ +0.433
f(doo) = 0 FE) = +5 v
y ~
|
|
V3 - !
— : 1 3 X
|
|
\l/
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- * \mlin/'M‘lAX\ Nin U  Nin U
0 -1 1 -3 0 3
f(0)=0 _ 1 f(=V3) ~ +0.433
f(doo) = 0 fE1) =+5 =3
y 1
|
|
V3 -1 I
]
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3x+1
3

D(f) = R\ {0} ;

e Urc¢ime definiéni obor.

e Ve jmenovateli nesmi byt nula.
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3x+1
3

D(f) =R\ {0} ;

Urcime prisecik s osou x jako feSeni rovnice y = 0.

B OB B
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y=="5—| DI =R\ {0} :
3H
X-3|— —0
X
3X+1=10
x=—3

. o 1
Funkce md s osou x jediny prisecik x = —3 ]
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3x+1
3

D(f) =R\ {0} ;

W=
()¢

e Uréime znaménka funkce.

e Rozdélime osu x pomoci prisecikl a bodi nespojitosti na podintervaly,
kde se znaménko zachovava.
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y="5—| DI =R\ {0} ;
+ |
1 0
3
Uvazujme interval zcela vlevo. Zvolme x = —1 a vypoclteme
—3+1
y(—1) = _T —2>0.
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y==5—| () =R\ {0} ;
+ . -
1 0
3
1 )
Uvazujme prostredni interval, zvolme x = ~3 a vypocteme
1. —32+1 3
g(—Z)z 1 ] =L1 =-16<0.

T 64 T 64
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[eX¢

V poslednim intervalu zvolme x =1 a vypoclteme

341
y(1)=1L=4>o.
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y=>3—] () =R\ {0} ;
+ . —
1 0
3

o 3x+1
li — =

x—0t X
. 3x 41

lim — =

x—0~ X

Najdeme jednostranné limity v bodech nespojitosti.

]
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y==""—| D) =R\ {0}
+ | -
1 0
3

lim x+1 1
x—0t )(3 o 0

lim 3x+1 _ 1

x—0~ X3 o 0

Dosazeni x = 0 vede k vyrazu typu ]
nula

nenulovy vyraz

]
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y==""—| D) =R\ {0}
+ | - +
1 0
3
lim 3x+1_l_
x—0t )(3 _+0_OO
lim 3X-|-1_ 1 _
x—0~ X3 _—0_ *°

e 7 prednasky vime, Ze jednostranné limity jsou nevlastni.

e Schéma se znaménkem funkce umoziuje odhalit, zda se funkce bliZi
k plus nebo minus nekonecnu.
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y=""—| D =R\ {0}
+ . =

1 0
3
l 3x+1_l_
x—l>nO1Jr x3 _+0_OO
l 3X-|-1_ 1 .
Pl I

o 3x+1

lim

Ur¢ime limity v nevlastnich bodech.

]
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y=""—| D =R\ {0}
+ . = +
1 0
3
lim 3x+1_l_
x—0t )(3 _+0_OO
lim x+1 1
x—0~ X3 _—0_ *
3x +1

Vime, Ze pouze vedouci ¢leny jsou podstatné v limité tohoto typu a ostatni
cleny mizeme vynechat.

(©Robert Mafik, 2006 E§



y=>3—] () =R\ {0} ;
+ . =
1 0
3
li 3x +1 . l .
x—0t )(3 o +0 -
L x+1 1
Pl T
o 3x+1 ) 3
lim — = lim —
X—=+00 X X—+00 X'

Zkratime x.

J
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y=>—] DI =R\ {0}
+ . =
1 0
3
li 3x +1 . l .
x—0t )(3 o +0 -
L x+1 1
Pl T
o 3x+1 . 3 3
lim = lim — = —
X—=+00 X3 X—+00 X2 o
Dosadime.

J
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y="3—| DI =R\ {0} ;
als . - als
1 0
3
li x+1 o
x—0t )(3 o +0 -
lim x+1 1
x—0— X3 o —0 o
3x 41 3 3
im 2 = lim === =0
X—=+00 X x—=+00 X o
Limita je vypoctena.
Funkce ma vodorovnou asymptotu y = 0 v *o00.
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3x+1 + _ +

[@>X¢
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*tUon-r\iy; +t, =

[@>X¢

- 3x3 — Bx +1)3x°
- ()2

Derivujeme podil.
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3x+1 + _ +

X 10
3
30— x1pe 3 (x—Bx+1)
y= ()2 = NG
Vytknutim rozlozime na soudin. ]
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*tUon-r\iy; +t, =

30— x| 3 (x—Bx+1)

(X3)2 - X6
x—3x—1
g =
X4

e Zkratime.

e Roznasobime zavorku.
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*tUon-r\iy; +t, =

X 10
3
30— x| 3 (x—Bx+1)
- (X3)2 - X6
x—3x—1 —2x—1
=3 A =3 A
Zjednodusime.

]
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XU =r\foy: = -~

W=

30— x| 3 (x—Bx+1)

(X3)2 - X6
x—3x —1 —2x—1 2x+1
=3 A =3 A —3 A

Mame derivaci.

J
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3x+1 + _ +

x3 ] 2
2x +1 o ’
’ X .
Y =32
[Méme derivaci. ]
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3x+1 + _ +

x3 ; N
2x+1 1 o ’
, X
y'(x) =—-3 o x1:—§
Rovnice ¢y’ = 0 je ekvivalentni rovnici 2x +1 = 0. I
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3x+1 + _ +

y=—=—| D(f) =R\ {0} ; ! o
al _1 0
3
, 2x+1 1
Y =327~ x=—3
_1 0
2
Vyznacime stacionarni bod a bod nespojitosti na osu x. ]
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y=22 1 o =R\ {0} —
10
3
, 2x+1 1
g =323 =
/( |
1 0
2
y'(—1):—3_21+1 —3>0 ]
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3x+1 + _ +

y=—=3— | D(f) =R\ {0}; ! o
il _1 0
3
, 2x+1 1
Y =—3"70—; x=—3
N
1 0
2
] . - . , o
y (—5) < 0, protoze funkce méni znaménko z kladného na zdporné. ]
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3x+1 + — +
y=—=—| D(f) =R\ {0} ; ! o
al _1 0
3
, 2x+1 1
y'(x) =—-3 " ,x1:—§
e M,AX \
1 0
2
U ALAlr " 1 " .
Funkce ma lokalni minimum v bodé x = —5- Funk¢ni hodnota je
1. —3+1  —3
y—g)=—r—=—r=14
8 8
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3x+1 + _ +

y=—=—1| D(f)=R\ {0} ; : o
X _1 0
3
, 2x+1 1
Y =—3"1 n=—3
/( MAX \‘ \
i 0
2
y'(1)=—3%=—9<0 ]
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3x+1 ' + _ +

y=>21L o1 =®)\ (0} .
_1 0
3
, 2%+ 1 MAX
g = —322 I
% _1 0
2
" 2x+1Y\
v =3 (*5)

(©Robert Maiik, 2006 E§



3x+1 ' + _ +
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3x+1 ' + _ +

[@>X¢
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3x+1 ' + _ +

[@>X¢

A (X2
2t —8xt — 43 —bx* — 453
= — XS = — X8
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y==5—| DN =R\ {0};
2 1 MAXS
yl(X)——:") Xxj‘ : /( I \( o \(

_% 0

[@>X¢
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3x+1 —
y="T—|on=r\(o}; _*, = *
_1 0
3
, 2x+1 MAX
yW=—3"0 L™ N
_1 0
2

A (X2
2xt — 8x* — 4x3 —6x4 — 4x3
= — XS = — X8
3xt 243 (Bx +2)x°
= 3 =6 8
X X
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3x+1 ' + _ +

X 10
3
, 2x+1 MAX
o) =—3202; N N
X _1 0
2
"3 2x 41 '__ 2 — (2x + 1)4x3
- x4 - (X4)2
2t —8xt — 43 —bx* — 453
= — XS = — X8
3xt 243 (Bx +2)x°
= 3 =6 8
X X
_ 63X —51— 2
5%
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_ 4] o+ =+

X3 10
3
, 2x +1 MAX
Y =—3201, TN N
X _1 0
2

”:63)(—:2;

X
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_ 4] o+ =+

x3 ) 6
3
, 2x+1 MAX:
Y=—320 N N
X B 5
2
//_63X+2 X __g
- X5 y X2 — 3
" . 2
y :OPVO3X+2=0,LJ.X:—§_
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_ 4] o+ =+

X 10
3
, 2x +1 MAX
Y =—321 TN N
X _1 0
2
p_ (X2 2
- X T3
2 0
3
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_ 4] o+ =+

X3 10
3
, 2x +1 MAX
Y =—32F1, TN N
X _1 0
2
p_eX¥2 2
- X T3
U |
2 0
3
7" _1
y'(~1)=6—=6>0 ]
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X3 10
3
MAX
gy =—32F1 AN N
X _1 0
2
p_ (X2 2
- X T3
U |
2 0
3
1. 142
(—3)=6—5— <0
35

|

©Robert Mafik, 2006



_ 4] o+ =+

x3 ; N
2 1 MAXS E °
, X+
Y =—3212 /I\u\
X _1 0
2
S P22
o X5 P73
U in. N
_2 0
3
Inflexni bod x = —2. y(—2) = =231 ~ 3375
3 3T 3

(©Robert Mafik, 2006 E§



y==0-D(f) =R\ {0} ; —
10
3
, 2x+1 MAX
y=—3211, N N
X _1 0
2
L 3x+2 2
:6 X5 ,X2:—§
U iIll.
_ 0

]

©Robert Mafik, 2006



1 0 -1 0 -2 0
1, _ 2 f(0+) = oo,
f(—$)_0 f(-3) =34 F04) = 50
fl—5) =4 f(00) =

Shrneme dosazené vysledky.

|

©Robert Mafik, 2006



-0 -1 0 -2 0
1, _ 2 f(0+) = oo,
f(—?_o f(=5) ~ 34 F0—) = —co
f(_i):4 f(2o0) =
y
_2‘ 11 X
3 2 3

(©Robert Maiik, 2006 E§



1 0 —1 0 —Z 0
1, _ 2 f(0+) = oo,
f(?) =0 f(—§) ~ 3.4 F0—) = —oo
fl—5) =4 f(do0) =

y
‘ ‘ )

2 _1 _1 X
3 2 3

(©Robert Maiik, 2006 E§



1 0 1 2 0
1 0 —1 0 —Z 0
1, _ 2 f(0+) = oo,
f(—?_o f(—§)~34 F0—) = —oo
f(—§)=4 f(Zo0) =0,
y
—_— ‘ ‘ \ _
2 _1 _1 X
3 2 3

(©Robert Maiik, 2006 E§



1I|1 | U
1 1 |2 O
-3 0 -3 0 = 0
L 3, F(04) = oo
f(—?—o f( 3)N3‘4 H00) — v
fl=5)=4 f(200) =
al
‘ ‘ \ _
_2 _1 _1 X
3 2 3
|

(©Robert Mafik, 2006 B4



+ AIAR, N\ Uinn U
-5 0 5 2 0
= 2, £(0+) = oo,
f(_? B fe3)m3d f(0—) = —o0
f(_i):4 f(Zo00)
ah
= — _
2 1 1 X
3 2 3

(©Robert Mafik, 2006 B4



U in. N U
1 1 2
-1 0 -1 0 —2 0
1, _ 2 f(0+) = oo,
f(—$)_o f(—3) =34 F0—) = —o0
f(—§)=4 f(£o0) =
Y
|
|
|
! |
! |
)
2 1 _'1 X
-3 T2 3

©Robert Mafik, 2006
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[g: 202 — x + 1)

= ]D(f)=R\{1};

Urcime defini¢ni obor z podminky
x—1#0.

Plati

x#+=1.

(©Robert Mafik, 2006 E§




[gz M] D(f) =R\ {1};

(x—1)
_2(00-0+1)
U(W—W—Z

o Urcime prisecik s osou y.

e Dosadime x = 0 a hledame y(0).

©Robert Mafik, 2006



[g:aﬁ—x+n

— ]D(f)=R\{1};g<0)=2:

2062 —x +1)

TR

e Urcime prisecik s osou x.

e Dosadime y = 0 a FeSime rovnici

(©Robert Mafik, 2006 E§



[gzwl D(f) =R\ {1}; y(0) = 2;

(x—1)
2(x2 —x +1) _0
=12
X —x+1=0
Citatel musi byt nula. I

B (©Robert Mafik, 2006 E§



2_
[g - M] D(f) =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—1)?

2(x2 —x+1) _0
=12
X —x+1=0

(Tato kvadratickd rovnice nemé feSeni, protoze ze vzorce )
. —b ++/b>—4ac
12 =
' 2a

Obdrzime zaporny diskriminant.

D=b>"—4ac=1—411=-3<0
N 4

(©Robert Mafik, 2006 E§




[g — %] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

—(

Nakreslime osu x a bod nespojitosti x = 1. ]

B (©Robert Mafik, 2006 E§



2_
[g — M] D(f) =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—1)

_+_

—(

Vime, Ze y(0) =2 > 0. Funkce je kladnd na (—oo, 1).

B OB B

(©Robert Mafik, 2006 E§




2_
[g - M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—1)?
+ +
1
Vypoclteme y(2) = W > 0. Funkce je kladnd na (1, c0). ]

(©Robert Mafik, 2006 E§



2_
[g - M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—=1)2
+ +
1
lim 2(x* —x + 1)
ol (x—1)2
2 —=x+1)
Jm =y

Urcime jednostranné limity v bodé nespojitosti

]

©Robert Mafik, 2006



_ 2(x* —x+1)
YT T

] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

+ +

—(

262 —x+1) 2

dm =T T o
. 2(x2 —x+1) 2
lim —— = —
x—1- (X — 1)2 0
Dosadime x = 1. ]

(©Robert Mafik, 2006 E§



2_
[g - M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—1)

+ +

—(

22 —xH1) 2
R i AT

262 —x+1) 2

I_. _— = —— =
AT x= T 0 %

Odvodime vysledek.

]
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2_
[g - M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—1)

+ +

—(

i ypamy TP
2 _
lim 2(x—x+1)

Urcime limity v +o0.

]
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[g — %] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

—(

i ypamy TP
2 _ 2
i 20Xy 2
X—=%00 (X — 1)2 x—*00 X2
Uvazujeme jenom vedouci Cleny. ]

(©Robert Mafik, 2006 E§



[g — %] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

+ +

—(

i ypamy TP
22 —x+1) 2%
XLL—TOO (X — 1)2 XLLimoo X2 o XE-TOQ T o 2

Funkce ma kladnou limitu v 00. Vodorovna pfimka y = 2 je asymptotou
ke grafu v bodech +o0.

(©Robert Mafik, 2006 E§



[g — %] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

_p x2—x+1)\
O P}

Vypocteme derivaci ]

B (©Robert Mafik, 2006 E§



[g: 202 — x + 1)

1 ] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x
¥ —

- x2—x+1 !
v=2 (55
2x—=1)(x =1 = (x> =x+1)2(x = 1)(1 =0)

=7 (=122

4 )

e Uzijeme vzorec pro derivaci podilu.

uy’  Jv—u/
bt ——

%

e Uzijeme vzorec pro derivaci slozené funkce pfi derivovani vyrazu
2
(x—=1)~

(©Robert Mafik, 2006 E§




[g — %] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

_p X2—x+1\
S W

2x — 1) (x = 1)2 = (2 — x + 1)2(x — 1)(1 — 0)

=2 (o — 1P
B (2x=N)x=1) = (= x +1)2
—2(x—1) "
Vytkneme (x —1). ]

(©Robert Mafik, 2006 E§



[g — %] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

, X2—x+1\

/=2 (25

2x —1)(x = 1) — (x> —x + 1)2(x — 1)(1 = 0)
(x=1)%)?

2x —N(x—1)— (x> —x+1)2
(x—1)"

2% —2x—x+1—(2x* =2x + 2
(x—1)°

=2

=2(x—1)

=7

Roznasobime zavorky a zkratime (x —1). ]

(©Robert Mafik, 2006 E§



[g — %] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

- X2—x+1\
”‘2( =112 )
(2x — )(x — 1)2 — (2 — x +1)2(x — 1)(1 — 0)

=7 (=177
xX—1)(x—=1)— (x> =x+1)2

e St

_22x2—2x—x+1—(2x2—2x+2)

- =1

_o—x—1

==y

Upravime Citatel.

]

(©Robert Mafik, 2006 E§



[g — %] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

- X2—x+1\
”‘2( =112 )
(2x — )(x — 1)2 — (2 — x +1)2(x — 1)(1 — 0)

- (1P
_ 2x —N(x—1)— (x> —x+1)2
=2(x—1) =)
_22x2—2x—x+1—(2x2—2x+2)
B (x—1)
=1 x+1
k=12 “(x—1p3
Derivace je nalezena. ]

(©Robert Mafik, 2006 E§



2_
20 X+ 1)] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

U=W
x +1
/:_2
R P el
x+1
T —1)3 =0

Resime rovnici ¢y’ = 0.
©Robert Mafik, 2006 E§
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2_
[g - M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—1)
x+1
; ) ,
(x—1)3
x+1
Ry NEANL I S—
(x—=1)
x+1=0
x=—1
Citatel musi byt nula. Staciondrnim bodem je tedy x = —1. I

©Robert Mafik, 2006 E§



2_
[g - M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—1)
x+1
=2 px = —1
=17
— 1
Zakreslime stacionarni bod a bod nespojitosti na redlnou osu. ]

(©Robert Mafik, 2006 E§



2_
[g - M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—1)2
x+1
=9 = 1
J =1y ™
\‘ |
—1 1
Ur&ime y'(—2).
, —241 zap. hodnota
—2)=-2 =— 0
Y= ==2535 = =335 hodnota -

(©Robert Mafik, 2006 E§



2_
[g - M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—1)
x+1
= 2 — 1
J =1y ™
N
—1 1
Ur&ime y'(0).
0-+1 kladna hodnota
'(0) =—-2 =-2———
y (0 0—1)3 z4porna hodnota

(©Robert Mafik, 2006 E§



2_
[g - M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x —1)?
" x+1 L _
y ——2m,x1— 1...lok. minimum, y( 1)—2
N mlin e
1 1
LokaIni minimum je v bodé x = —1. Funkéni hodnota je
2(=1% = (=N +1 23 3
Jony = AP =N+ 233
(=1-=1 4 2

©Robert Mafik, 2006



2_
[g - M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—1)?
" x+1 . _
g——2m,x1— 1...lok. minimum, y( 1)_2
N mlin e N\

—1 1

241 3
'2)=—-2 =-2-<0

Y@ ==2595 7= ]

(©Robert Mafik, 2006 E§



2 _
[g = M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x—1)?

; x+1 - _
= ZW,M— 1...lok. minimum, y( 1)_2
- x+1 Y\

TR

]

Vypocteme druhou derivaci.
(©Robert Mafik, 2006 E§




2 _
[g = M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

(x —1)?
r_ —2% ; x = —1...lok. minimum, y(—1) = 5
i x+1 Y\
ST ((x—1>3)
_ 21(x—1)3—(x+1)3(x—1)2(1—0)
T (x—1)3)2

e Pouzijeme pravidlo pro derivaci podilu.

e Jmenovatel budeme derivovat jako slozenou funkci.

©Robert Mafik, 2006




2_

y= W] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x
¥ —

y =-2 (;(j_11)3 ; xp = —1...lok. minimum, y(—1) = 5

T x+1 Y\
Y “2((x—1>3)

Tx—1)3 = (x + 1)3(x — 1)2(1 — 0)

=2 (x— PP
k=) = (x4 1)3
= —2(x—1)? P

Vytkneme (x — 1) v &itateli.

(©Robert Mafik, 2006 E§



2_

y= W] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x
¥ —

y =-2 (;(j_11)3 ; xp = —1...lok. minimum, y(—1) = 5

T x+1 Y\
Y “2((x—1>3)

Tx—1)3 = (x + 1)3(x — 1)2(1 — 0)

= (=17
== (x+1)3
= —2(x—1)? PR
—2x—4
N
Upravime. ]

(©Robert Mafik, 2006 E§



2_

y= W] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x
¥ —

y =-2 (;(j_11)3 ; xp = —1...lok. minimum, y(—1) = 5

T x+1 Y\
Y “2((x—1>3)

Tx—1)3 = (x + 1)3(x — 1)2(1 — 0)

= (= 1))
=)= (x+1)3
=—2(x—1)? PR
__2—2)(—4_ X+ 2

Obdrzeli jsme druhou derivaci. ]

(©Robert Mafik, 2006 E§



2_
[ M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

e
1
y' = —Zﬁ ; xp = —1...lok. minimum, y(—1) = 5
X+2
" — 47 '
S =T
x+2
4 X1
(x—=1)*
Resime y” = 0. I
(®©Robert Mafik, 2006 K3
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2_
[ M] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

e
1
y' = —Zﬁ ; xp = —1...lok. minimum, y(—1) = 5
X+2
"=4 =2
I =T e
x+2
1 X2
(x—=1)*
x+2=0
X =—2
Jediné Feseni je x = —2. ]
(®©Robert Mafik, 2006 K3

B OB B



2_
[ 20 = x+ 1)] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

S
1
y' = —Zﬁ ; xp = —1...lok. minimum, y(—1) = 5
X+2
//_47 =_2
—1)F
—2 1

Budeme urcovat intervaly konvexnosti a konkavity. Zakreslime bod, kde je
druha derivace nulova a bod nespojitosti na redlnou osu.
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2_
[ 20 = x+ 1)] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

T
1
y' = —Zﬁ ; xp = —1...lok. minimum, y(—1) = 5
x+2
y”:4m i X =—2
m |
—2 1
, _ —3+42 ‘
yi=3)= 4kladné hodnota <0 ]

(©Robert Mafik, 2006 E§



2_
[ 20 = x+ 1)] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

T
1
y' = —Zﬁ ; xp = —1...lok. minimum, y(—1) = 5
X+2
y' = 47()(_ 7 p X =—2
N , U
—2 1
o 0+2 ‘
Y= 4kladné hodnota >0 ]

(©Robert Mafik, 2006 E§



2_
[ 20 = x+ 1)] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

YT
1
y' = —Zﬁ ; xp = —1...lok. minimum, y(—1) = 5
X+2
V — 47 . — _2
R P T
N in. U
-2 1
Inflexni bod je v bodé x = —2. Funkéni hodnota je
14
—2)= —.
y=2) =3

(Vypoctéte si sami.)

(©Robert Mafik, 2006 B



2_
[ 20 = x+ 1)] D(f)y =R\ {1}; y(0) = 2; neni prisecik s osou x

T
1
y' = —2% ; xp = —1...lok. minimum, y(—1) = 5
Y —
x+2
y”:4m i X =—2
N in. U U
-2 1
I 2+ 1 ‘
y(2) = 4kladné hodnota = ]

(©Robert Mafik, 2006 E§



f(0)=2 f(14+) = +o0 14
(0) (1) = + =12
f(£o0) =2 f(=1)=5
[Shrneme dosavadni znalosti. ]
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f(0) =2 f(14) = +o0 14
0 (1) = + o=
f(£o0) =2 f(=1)=5
y
2
o 1 %
Nakreslime souradnou soustavu. ]
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+ + Nomin 7N\ N in. U U
— ; © ; ©
1 —2 1

f(0) =2 f(1 14

( ) ( f(—2) — 3
f(£oo) =2 f(—

o x

Vyznacime prisecik s osou y. Funkce v tomto bodé roste. ]

(©Robert Mafik, 2006 B



f0)=2 f(1£) = +o0 14
0 (1) = + o=
f(£o0) =2 f(=1)=5
/ |
2 |
777777777777777777777 e
o 1 %
Nakreslime asymptoty. ]
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f = +) =400
(0) =2 f(1) J3r f2) = g
f(do0) = 2 f(=1)=5

2
-2 1 1 X
Nakreslime funkci v okoli svislé asymptoty. ]
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f = f(14+) = +o0
(0)=2 (1) ig f(—2) = g
f(do0) = 2 =) =5

2 _
,,,,,,,,,,,,,,,,,,,,, 4
% : x
-2 1 1
Nakreslime funkci v okoli vodorovné asymptoty. ]
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f = f(14+) = +o0
0)=2 (1) J3r f(—2) = g
f(£o0) =2 F(=1) =5

“o \

|
|
|
|
|
|
|
|
|
|
|
/S AT
|
|
|
|
|

2 -
,,,,,,,,,,,,,,,,,,,,, 4
_
|
| { x
-2 1 1
Nakreslime lokalni minimum funkce. ]
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Hotovo! ]
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x| D(f) =R\ {=V3};

Defini¢ni obor uréime z podminky 3 — x? #= 0. Dostavéme dva body
nespojitosti +V/3.

B (©Robert Mafik, 2006 E§




| D(f)=R\{=V3};  y(0)=0

Prisecik s osou y ma druhou souradnici

B (©Robert Mafik, 2006 E§



| D(f)=R\{£V3};  y(0)=0

prisecik s x: x =0

B

el c X P o A B eyl

Resenim rovnice Pl 0 ziskdvame jediny prisecik s osou x, bod
— X

x =0.

B (©Robert Mafik, 2006 E§




prisecCik s x: x =0 I

Nulovy bod a body nespojitosti vyneseme na redlnou osu. ]
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x| D(fy =R\ {£V3}; y(0)=0

_|_

prisecCik s x: x =0 I

Plati 8

a graf funkce je nad osou x na intervalu (—oo, —V/3).

(©Robert Mafik, 2006 E§



prisecCik s x: x =0 I

Plati . .

a graf funkce je pod osou x na intervalu (—\/§, 0).

(©Robert Mafik, 2006 E§



prisecCik s x: x =0 I

Plati . .

a graf funkce je nad osou x na intervalu (0, V/3).

(©Robert Mafik, 2006 E§



prisecCik s x: x =0 I

Plati

a graf funkce je pod osou x na intervalu (\/§, 00).

(©Robert Mafik, 2006 E§



li = lim =
X—>im3 S92 X—)L\r}1g7 3—x?
. x3 . x3
5 e

Budeme zkoumat jednostranné limity v bodech nespojitosti.

]

©Robert Mafik, 2006



nenulovy vyraz

0
nevlastni. Spravné znaménko snadno zjistime ze schematu uvedeného vyse.

Vsechny limity jsou typu a jednostranné limity jsou

(©Robert Mafik, 2006 E§



Vypocteme limity v nevlastnich bodech. ]

(©Robert Mafik, 2006 E§



L X3 —V27 l X3 V27
im =——— = im =—— =0
x——V3 3—x? 0 x—»\/§73_X2 0
l X3 —Vv27 l X3 V27
tm = ——— =-—09 im —— =— =—
X>—/31 3—x2 0 X_,\/§+3—X2 0
. x? X .
lim —— = lim — = lim —x=Fo0
x—+oo 3 — X2 x—=+00 —X2 x—=+o00
Jedna se o podil polynomi. V nevlastnich bodech je podstatna pouze
zavislost na vedoucich ¢lenech polynom v Citateli a ve jmenovateli.
(©Robert Mafik, 2006 E§




3
Budeme hledat derivaci funkce. Derivujeme podil % podle vzorce
— X

(U)’ u-v—u-v

v v2

(©Robert Mafik, 2006 E§



Vytkneme x°. I
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Upravime zavorku. ]
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Redenim rovnice x*(9 — x?) = 0 jsou body x = 0 a x = &3. Tyto
stacionarni body vyneseme spolu s body nespojitosti na redlnou osu.

(©Robert Mafik, 2006 E§



Cervené oznadené vyrazy v derivaci jsou kladné a neovlivni vysledné
znaménko derivace. Stadi tedy zjistovat znaménko vyrazu (9 — x?). Pro
x = —4 plati

9—x’=9—(—4)°<0.
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Pro x = —2 plati
9—x>=9—(—=2?°>0.

(©Robert Mafik, 2006 EJ



V bodé x = —3 je lokalni minimum. Funk¢ni hodnota je

=27 =27 9
YI=35="6 =3
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Pro x = —1 plati
9—x>=9—(—1)?>>0.
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Pro x =1 plati
9—x>=9—-12>0.
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Pro x = 2 plati
9—x*=9—-22>0.
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Pro x = 4 plati
9—x>=9—4%<0.
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V bodé x = 3 je lokdlni maximum. Funkéni hodnota je

27 27 9
WO=3"5=%="3
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| D(f)=R\{£V3};  y(0)=0

g = (18— 453) - (3 — x2)2 — (9x% — x*) - 2(3 — x?)(—2x)

=

-

@erivujeme funkci )
x29—x%)  9x*—x*
(B3—x2)2  (3—x2)?
podle vzorce
(U)’_ u-v—u-v
v v2
4

]
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| D(f)=R\{£V3};  y(0)=0

(18x — 4x3) - (3 — x2)2 — (9% — x*) - 2(3 — x2)(—2x)

4

= 2
(3—xr)
2%(3 — x2) - [(9 —2)(3—x2) + (9x — x3)(2x)]
- B—x)

e ProtoZe jsme ve jmenovateli neroznasobovali, ale derivovali jako sloze-
nou funkci, nezbavili jsme se moznosti vytknout.

e Nyni tedy vytkneme Cleny, které se v Citateli opakuji.
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| Dy =R\ (V3 y0)=0

g = (18— 43) - 3= x2)2 — (92 — x*) - 2(3 — x2)(—=2x)
(- x2)2)2
2%(3—x?) - [(9 23— x3) + (9% — x3)(zx)]
(3—x2)*
2x - [27—9X2 _ 6X2+2X4+18X2—2X4]
B—x2)

Zkratime a roznasobime zavorky. ]
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| D(f)=R\{£V3};  y(0)=0

. (18— 4x%) - (3= x2) — (92 — x*) - 23 — x3) (—2)
(- x2)2)2
2x(3 — x2) - [(9 —2)(3— %) + (9x — X3)(zx)]
B—x)!
2x - [27—9)(2 — 6x24+2x*+1 8X2—2X4]
3—x2)3
2x - [27+3x2]

-

Vyrazy v hranaté zavorce se seCtou resp. odectou. ]
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y=3——> | DI =R\{£V3};  y(0)=0

: 2 [27 + 3x2]

a

=P =

Druha derivace je vypoctena. Nyni hleddme Feseni rovnice y” = 0. Protoze |
vyraz (27 + 3x?) je stale kladny, je jedinym Feenim této rovnice bod x = 0.
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y=3——> | DI =R\{£V3};  y(0)=0

2 [27 + 3x2]

=P =

Na redlnou osu vyneseme bod x = 0 (y”(0) = 0) a body, kde je druh3
derivace nespojita.

(©Robert Mafik, 2006 E§



y=3——> | D(H=R\{£V3};  y(0)=0

== .(3[2_7;:)33)(2] 2= Y |

Plati

2 (—2) - Kladny v . oo
y'(—2) = (—2) - [kladny vyraz]  zdporny vyraz

= 0
(3—(=2)%)?3 zéporny vyraz =

a funkce je konvexni na intervalu obsahujicim ¢islo —2.
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y=3——> | D(H=R\{£V3};  y(0)=0

2x-[27+3x2]
[ S R U n_,
B_xp ° ;

Plati
2-(—1) - [kladny vyraz]  zdporny vyraz <0

(3—(=1)%)3 ~ kladny vyraz

a funkce je konkavni na intervalu obsahujicim cislo —1.

y'(=1)=
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y=3——> | D(H=R\{£V3};  y(0)=0

2x - [27 + 3x2]
-

a

x=0 U N U

Plati
_2-1-[kladny vyraz]  kladny vyraz

a
1) = _
y (1) 3—12)3 Kladny vyraz

a funkce je konvexni na intervalu obsahujicim ¢islo 1.
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| D(f)=R\{£V3};  y(0)=0

V=32
2x-|27+3¢]
[ S R U n U N
3—x2)3 © 0
—V3 V3
Pleti 2 -2 - [kladny vy kladny vy
y'(2) = 2 -[kladny vyraz]  kladny vyraz <0

(3—22)3  zéporny vyraz

a funkce je konkavni na intervalu obsahujicim ¢islo 1.
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T | DN =R\ {=V3};  y(0)=0
Délenim se zbytkem zjistime, Ze plati

x3 3x

3-e2- *t3Ta

Prvni ¢ast je primka, druhd ¢ast se blizi k nule pro x bliZici se do plus nebo
minus nekonecna.

Funkce ma proto v nevlastnich bodech asymptotu y = —x.

B ©Robert Matik, 2006 B3



t ot - e S AN U nun
30 3 -3 3 0 3 3 -v30 3
(0) =0 f(+3) = =2
f(£00) = Foo f(—V3%) = Foo; f(V3%) = Foo
Shrneme nejdiilezitéjsi vysledky. ]
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+ - + - SNain S /M%& Uun.un
30 3 -3 3 0 3 3 -v30 3
f(0)=0 f(i3)=$g
f(F00) = Foo f(—V3%) = Foo; f(V3£) = Foo
,: yn ,:
-3 _'\/5 V3 3 X
| {
Zakreslime svislé asymptoty a funkci v okoli téchto asymptot. ]

(©Robert Mafik, 2006 E§



+ -+ - NS S ANy nun
30 3 -3 3 0 3 3 -v30 3
f(0) =0; f(+3) = =2
f(Z00) = Foo; f(—\/§i) = Fo0; f(\/gi) = Foo
S it |
-3 _$\/§ \.\‘/? 3 X
| ( S

Podobné zakreslime Sikmou asymptotu a funkci v okoli této asymptoty.
Davédme pozor na konkavitu/konvexitu.

(©Robert Mafik, 2006 B



+ - + - SNain S /M%& Uun.un

30 3 -3 3 0 3 3 -v30 3
f(0) =0; f(i3):$g
f(F00) = Foo; f(—V3%) = Foo; f(V3+) = Foo

\\\\\ ,: y 4 ,:
3 _'\/5 - \/§ 3 X
1 ( I

Zakreslime funkci v okoli staciondrniho bodu, ktery neni lokalnim ‘
extrémem.
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+ -+ - NS SN Uy nun
30 3 -3 3 0 3 3 -v30 3
(0) =0; f(43) = rrg
f(£00) = Foo f(—V3=%) = Foo; f(V3%) = Foo
\\\\\ ,3 ys ”
-3 _$\/§ - \/§ ‘3 X
1 ( e

Zakreslime lokalni extrémy.

|
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Dokreslime cely graf. ]
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C+ 1 iy =r\ (—1,1):

Uréime definiéni obor — ve jmenovateli nesmi byt nula. ReSenim rovnice
x*—=1=0

je x = x1. Tyto body je nutno vyloucit z definiéniho oboru a jedna se

o body nespojitosti.
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D(f) =R\ {—1,1}; prisecik s osou y: [0, —1];

Y=
, - 0+1 D s G
Dosazenim x = 0 uré¢ime y(0) = 0—1= —1, coz je prlsecik s osou y.

B (©Robert Mafik, 2006 E§



D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

neni prasecik s osou x

Rovnice
X 4+1=0

nema v oboru readlnych Cisel feSeni a funkce tedy neni nikdy rovna nule.
Graf nema prisecik s osou x.
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

neni prasecik s osou x

Znaménko funkce se mlze zménit nanejvys v bodé nespojitosti (protoze
neni prisecik s osou x). Vyneseme tedy body nespojitosti na realnou osu.
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

Y=
neni prisecik s osou x + -
el 1
] e (=2*+1 5 .
Dosazenim x = —2 zjistime, ze y(—2) = (2)721 =3 > 0 a funkce je

kladna na intervalu obsahujicim cislo —2.
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

+ —
—1

neni prasecik s osou x

—(

Dosazenim x = 0 jsme jiz dfive zjistili (kdyZ jsme pocitali prisecik s osou
y), ze y(0) = —1 a funkce je zdpornd na intervalu obsahujicim éislo 0.
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

ST
neni prisecik s osou x + N +
—1 1

5
Dosazenim x = 2 zjistime, ze y(2) = =3 > 0 a funkce je kladna

na intervalu obsahujicim cislo 2.
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Y= 77 D(f) =R\ {—1,1}; prisecik s osou y: [0, —1];
X
neni prisecik s osou x + N +
el 1
im X1 _2 i X1 _ 2
x——1-x2—1 0 x—=1- x2 —1 0
l X241 2 lim X2+1_g
ol X2 =10 o x2—1 0

Ur¢ime jednostranné limity v bodech nespojitosti. VSechny jednostranné

limity jsou typu 0 a vysledkem budou nevlastni limity, tj. “nekonecno,
opatrené spravnym znaménkem" .
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Y= 77 D(f) =R\ {—1,1}; prisecik s osou y: [0, —1];
X
neni prisecik s osou x + N +
el 1
X412 X412
XLLE*XZ—,I_ﬁ_-i—OO Xliﬂ']*XZ—,I 6__00
l X412 lim X2+1_g_+
)(~>LE’!IJr X2—1 - 0 &0 x—1+ X2—1 0 *°

Podle znamének funkce na jednotlivych podintervalech snadno odvodime
spravné vysledky.
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Y= 77 D(f) =R\ {—1,1}; prisecik s osou y: [0, —1];
X
neni prisecik s osou x + N +
el 1
X412 X412
XLLE*XZ—,I_ﬁ_-i_OO Xliﬂ']*XZ—,I 6__00
l X412 lim X2+1_g_+
)(~>LE’!IJr X2—1 - 0 &0 x—1+ X2—1 0 o
X241 X2
ooy a0

Uréime limity v nevlastnich bodech. Protoze se jedna o racionalni funkci,

jsou pro limitu v nevlastnim bodé rozhodujici pouze vedouci ¢leny Citatele
a jmenovatele.
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> :
y= ; t: D(f) =R\ {—1,1}; prisecik s osou y: [0, —1];

neni prisecik s osou x + -~ o +
—1 1
O R =T — (1) R 1)
=1
@erivujeme podil )
_ X% +1
- x2—1

podle vzorce

&

B (©Robert Mafik, 2006 E§




> :
y= iZ t: D(f) =R\ {—1,1}; prisecik s osou y: [0, —1];

neni prisecik s osou x + -~ o +
—1 1
P i ) 0 Gt Bl el B el
N (x2—1)2
_2X-(X2—1)—(X2+1)~2X
B (x> =1)?

Dopocitame derivace.

|

B OB B
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. :
Xt D(f) =R\ {—1,1}; prisecik s osou y: [0, —1];

neni prisecik s osou x + -~ o +

—1 1

P i ) 0 Gttt Bl e sl B el
o =1

_2X-(x2—1)—(2+1)-2x

- (x> —1)?

2x.(x2—1—(x2+1))
B (2 =17

Vytkneme vyraz 2x v Citateli.

|
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. :
Xt D(f) =R\ {—1,1}; prisecik s osou y: [0, —1];

neni prisecik s osou x * — o i
—1 1
) (=T = (P41 (P =)
(=17
(=) — (P4 1) - 2x
a (x*=1)
2x~(x2—1—(x2+1))
- X2 —1)2
2X(—2)
s

Upravime zavorku.

]
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

I
neni prisecik s osou x + -~ o +
—1 1
) (=T = (P41 (P =)
(2= 1)2
(=) — (P4 1) - 2x
a (x*=1)
2x (x2—1—(x2+1))
B (2 =17
S x(-2) g

Dokoncime Gpravy

]
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x2—1
neni prasecik s osou x + — +
—1 1
, —4x
y=52_1)2 :
(o =1) 0 1

Derivace je nula pro x = 0, cozZ je jediny stacionarni bod. Vyneseme tento
stacionarni bod a body nespojitosti na realnou osu.
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x2—1
neni prasecik s osou x + — +
—1 1
P S 0N\
== S0 1

~

e Jmenovatel zlomku je porad nezaporny (jedna se o sudou mocninu).
O znaménku tedy rozhoduje pouze Citatel zlomku.

e Protoze v Citateli je (—4x), ma derivace presné opacné znaménko jako
proménna x.
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D(f) =R\ {—1,1}; prisecik s osou y: [0, —1];

I=eq
neni prasecik s osou x + — +
—1 1
) S T
Y=17_"2 |
=T 0 1

V bodé x = 0 ma funkce lokdlni maximum. Funkéni hodnota v tomto bodé
je y(0) = —1 (bylo poditdno jako prisecik s osou y).
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

I
neni prasecik s osou x + — +
—1 1
y = —4x / S MAXN, N
T (x2—1)2 I
x*=1) —1 0 1
Y =—4. 1- (x> =12 —=x-2(x*—=1) - 2x
0 —1)*
(Budeme hledat druhou derivaci. Derivujeme podil )
X
f— 4. =
’ =17
podle vzorce
(L/)’_ u-v—u-v
v v2 '
- v
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

I=eq
neni prasecik s osou x + — +
—1 1
y— W A 7NN, N
=1 S0 1
y =4 1-(x* =12 —x-2(x*—=1)-2
(x> =1)*
(x2—1)v(xz—1—4xz)
=_4.
(x> =1

ProtoZe jsme vyraz (x> — 1) derivovali jako sloZenou funkci, nezbavili jsme
se moznosti vytknout v Citateli a poté zkratit.
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

I=eq
neni prisecik s osou x + -~ o +
—1 1
y = —4x / S MAXN, N
T (2 —1)2 & l &
x*=1) —1 0 1
y =4 1- (x> =12 —=x-2(x*—1) - 2x
(x> =1)*
(2 —1)- (x2 =1 —4x2)
—4.
(x> =1)*
_ 4. —3x2 —1
(x> =1y
Provedeme kraceni a upravime vyraz v zavorce. ]
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

x2—1
neni prasecik s osou x + — +
y o / /@*X\ R
=1 S0 1

(x2 =11
(2 —1)- (x2—1—4x2)
4.
(x2 =1
_ —3x? — 1 _ . 3x% +1
=P e—p

Dokoncime Gpravy.

]
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

I
neni prasecik s osou x + — +
g / /m}x\ R
=1 S0 1
2
/=4 = 5

~

e Druh derivace neni nikdy nulové, protoZe rovnice (3x°+1) = 0 nema
reSeni v oboru redlnych Cisel.

e Znaménko derivace se miize zménit nejvySe skokem v bodé nespoji-
tosti. Vyneseme na redlnou osu body nespojitosti.

.
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

x2—1
neni prasecik s osou x + — +
g / /m}x\ R
= 0 1
y'=1 (3%1;3 =

Funkce je konvexni na intervalu (—oo, —1), protoze Cislo (—2) lezi v tomto
intervalu a o
kladny vyraz

VA= -

>0
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

I
neni prasecik s osou x + — +
—1 1
- —4x / S MAXN, N
=1 S0 1

2

g// —4. 3)2( +1 @] n
(1) S

Funkce je konkavni na intervalu (—1, 1), protoze Cislo 0 lezi v tomto
intervalu a funkce je v tomto bodé nutné konkavni (je zde stacionarni bod
a lokalni maximum — funkce je pod tecnou).
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D(f) =R\ {—1,1}; priisecik s osou y: [0, —1];

y= x2 —1
neni prasecik s osou x + — +
—1 1
y = —4x / S MARN N
— x2 _1\2 i
=1 10 1
2
g// —4. 3x°+1 U N U
(=P RO

Funkce je konvexni na intervalu (1, 00), protoze Cislo 2 lezi v tomto
intervalu a o
kladny vyraz

Y2 =4 =57

>0
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Shrneme nejdiilezitéjsi vysledky. ]
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‘ yﬂ .
| 1 |
—1 ]
l 1 [
T T -
| =1 | X
Zakreslime soustavu souradnic a asymptoty. ]
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T
| 1 !
-1 1]
: =1 ' X
Nacrtneme funkci v okoli svislych asymptot. Vyuzijeme monotonie. ]
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'y ‘
T i
_ o
—1 1
1 1 .
T T o
! =1 ! X

Naértneme funkci v okoli vodorovné asymptoty. Opét vyuzijeme schema |
s monotonii.
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D ~—

D ~—
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[ Zakreslime lokalni maximum.



SN N

D ~—

D ~—
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[ Dokreslime cely graf.
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	y=x1+x2
	y=3x+1x3
	y=2(x2-x+1)(x-1)2
	y=x33-x2
	y=x2+1x2-1

